Properties of four infinite families of special functions of two real variables, based on the compact simple Lie group G 2 , are compared and described. Two of the four families (called here C-and S-functions) are well known. New results of the paper are in description of two new families of G 2 -functions not found in the literature. They are denoted as S L -and S S -functions. It is shown that all four families have analogous useful properties. In particular, they are orthogonal when integrated over a finite region F of the Euclidean space. They are also orthogonal as discrete functions when their values are sampled at the lattice points F M ⊂ F and added up with appropriate weight function. The weight functions are determined for the new families. Products of 10 types among the four families of functions, namely CC, CS, SS, SS L , CS S , SS L , SS S , S S S S , S L S S and S L S L , are completely decomposable into the finite sum of the functions belonging to just one of the families. Uncommon arithmetic properties of the functions are pointed out and questions about numerous other properties are brought forward.
Introduction
Discretization of characters of irreducible finite-dimensional representations of any compact simple Lie group G was introduced in general in [10] . At the time it was motivated by the need to solve large computational problems in Lie theory. A quarter of century later the motivation would rightfully be called processing of digital data from lattices of any dimension, density, and symmetry. Large computations made it a practical imperative to replace the basis of irreducible characters by the basis of constituents of the characters that are symmetric with respect to the Weyl group denoted here C-functions. Unlike the characters, C-functions are formed as sums of limited number of exponential terms.
It is perhaps curious to note that such a discretization was made possible only after publication of three papers during the few years preceding [10] . They were the following: (i) a concise description of all conjugacy classes of elements of finite order in any G in [6] , then (ii) after it became possible to decompose even the extremely large characters into the sum of the sum of constituent C-functions [2, 8] , and finally (iii) after the computation of character values of elements of finite order in G became practical [9] . The discretization of the skew-symmetric S-functions in [11] follows an analogous path.
The C-and S-functions appear in the Weyl character formula [19] . The functions have been known, for more than half a century, as different constituent of the character [1] . They are well known for the uniformity of their properties across the compact simple Lie groups of any type, in particular their continuous orthogonality when integrated over a finite region F of the real Euclidean space, and their discrete orthogonality when summed up over a lattice fragment in F of any density [10, 11] . In the specific case of G 2 , they were described in [17, 18] respectively.
The aim of this paper is to confirm for the simple Lie group G 2 , the existence and properties of two additional families of special functions denoted S L and S S . Existence of such functions was first noticed 1 in [14] for the group C 2 . All four families of functions are obtained by a summation of exponential terms over the Weyl group W (G 2 ) of G 2 . They are refereed to as orbit functions. In one dimension, when the underlying group is the rank one simple Lie group A 1 (equivalently SU (2) ), the C-and S-functions become the common cosine and sine functions, while S L -and S S -functions have no analogue there. We point out in this paper that the families of S L -and S S -functions do not exist for the group A 2 (equivalently SU (3) ).
The history of the functions of the families S L and S S is short. It was noted in [14] that the 2variable antisymmetric cosine and symmetric sine can be obtained by summation of appropriate exponential functions over the Weyl group W (C 2 ) of the simple Lie group C 2 . Since [14] is a special case of [7] , where the n-variable symmetric and antisymmetric sine and cosine were defined, the families of S L -and S S -functions could have been noted already in [7] in the context of the simple Lie groups C n of any rank.
The present paper is thus the first to describe the families S L and S S of orbit functions outside of the symmetric and antisymmetric generalizations of trigonometric functions, their symmetries are more complicated. Most recently, it was shown that the four families of orbit functions exist for all compact simple Lie groups with two root lengths [13] .
The new results of the paper, which are the properties of S L -and S S -functions of G 2 , are brought together and compared with the properties of the G 2 -orbit functions of all four families.
The second goal of this paper is to describe the properties of the new families of orbit functions when they are discretized, that is when their values are sampled on a lattice fragment F M ⊂ F ⊂ R 2 . It turns out that the functions within families C, S, S L and S S are orthogonal when summed up over the same finite fragment F M of the lattice in F of any density specified by M ∈ N. Although the same grid F M may be used for each family, the appropriate weight functions are different. That makes the functions of either family suitable for expansion of two-dimensional digital data. This has been known for over two decades [10] and used in some very large computations, for example in [4] . It is also known for S-functions [11, 18] . For S L and S S types. It is exposed only here and in the forthcoming papers [13, 14] .
The definition of the orbit function is contained in Section 3 together with description of their behaviour at the boundary of the domain F and their continuous orthogonality in F . It is shown that all the orbit functions are either real or purely imaginary. A simple renormalization makes the later functions also real.
In Section 4, orbit functions are discretized. Discrete orthogonality of the orbit functions is proven.
In Section 5, the decomposition of the products of pairs of orbit functions into their sums is described. All 10 products, CC, CS, CS L , CS S , SS, SS L , SS S , S L S L , S L S S and S S S S , decompose into the sum of orbit functions from just one family. A product of a pair of orbit functions contains either 144 or 72 or 36 exponential terms which can be rewritten as half as many trigonometric function terms. The information is then used to find the recurrence relations for the orbit functions.
Arithmetic properties of the orbit functions remain mostly unexplored in the literature. In Section 6, we present just the properties of C-functions, directly deduced from the corresponding properties of the characters [9] .
In G 2 there are precisely 14 (conjugacy classes of rational) elements at which all the C-functions have integer values. In Table 4 we list the 14 elements specified by the values of their coordinates x ∈ F , and show the values of C-functions at several lowest orbits of W (G 2 ). Corresponding properties of the families S, S L and S S are not known.
Preliminaries
The two simple roots of G 2 and their numbering are shown in the Dynkin diagram They span the real Euclidean space R 2 . Standard conventions for writing the diagram identify the lengths and relative angle 5π/6 between the simple roots as given by
Relations between the four bases, we will use, can be written explicitly:
They follow from the Z-duality requirement α j ,ω k = α j , ω k = δ jk , j,k = 1, 2.
The link between α-and ω-bases is provided by the Cartan matrix of G 2 and its inverse,
The determinant of the Cartan matrix is 1, therefore the root lattice Q and the weight lattice P coincide in the case of G 2 .
Reflections r 1 and r 2 in mirrors passing through the origin and orthogonal to simple roots generate the root system from the simple roots.
The set of positive roots + , the set of positive long roots L + , the set of positive short roots S + and their half sums ρ, ρ L , ρ S are the following:
Orbit functions of G 2

Weyl group orbits of G 2
The Weyl group W (G 2 ), which is generated by two reflections r α 1 ≡ r 1 and r α 2 ≡ r 2 , is abstractly defined by the following conditions on its generating reflections:
In addition, it is assumed that the exponent 6 in (1) is the lowest one that would allow the equality to hold ( Figure 1 ). Reflections (1) act in the two-dimensional real Euclidean space R 2 spanned by the simple roots, according to
Together with the affine reflection in the highest root ξ = 2α 1 + 3α 2 = ω 1 =ω 1 ,
(2) and (3) generate the affine Weyl group of G 2 . A Weyl group orbit W λ is the set of distinct points ('weights') obtained from single seed point λ by repeated reflections of (2). The points comprising an orbit are shown in Figure 2 . Note that the three properties of the orbits of W (G 2 ) that are of importance to us are as follows:
The fundamental domain F of G 2 is the convex hull of its three vertices
There is a one-to-one correspondence between dominant points of the orbits and the points of F . (a, b) 
The 'new' and 'old' orbit functions
In general, the function of an orbit W λ of W (G 2 ) is understood here to be the sum of exponential terms
where the summation extends over the points μ of the Weyl group orbit W λ containing the dominant point λ. The homomorphism
determines the four families of orbit functions [13] . The map σ (w) is given by the values σ (r i ) ∈ {±1}, i = 1, 2. For G 2 , the necessary and sufficient condition for a homomorphism to exist is that (σ (r 1 )σ (r 2 )) 6 = 1, which is automatically satisfied. Consequently, there are four homomorphisms σ and their orbit functions:
The homomorphisms leading to C-and S-functions are 'old' [15, 17, 18] , while the remaining two leading to the S L -and S S -functions are 'new' [13] .
Signs of individual exponential terms in orbit functions are given in Table 1 . Table 1 . Description of the orbit functions of types C, S, S L and S S of an orbit W λ .
Each row pertains to the exponential term in the orbit function (5) that carries the point μ shown in the first column. The subsequent four columns provide the signs σ (μ) of the same term in each of the four orbit functions.
Characters of G 2 and the orbit functions
The character χ λ (x) is given either by summation over the weight system of the irreducible representation with the highest weight λ or by the Weyl character formula,
where the summation extends over the dominant weights μ in the weight system of the representation λ.
The C-function C μ (x) is defined by summation over the points η of one W -orbit, appearing in the scalar products η, x ,
The coefficient m λμ in (6) is the multiplicity of the dominant weight μ in the weight system of the irreducible representation specified by its highest weight λ. The multiplicities are calculated using algorithm [8] , or they can be read from the extensive tables [2] . By a suitable ordering of the weights in P + , used for example in [2] , the matrix (m λμ ) becomes triangular with all diagonal entries being 1. Such a matrix can be inverted into (m −1 λμ ). Therefore, in addition to (6) , we always have also
Many known properties of characters carry over through (8) into properties of the functions of the C family.
Example 1 Reading (m λμ ) as the 8 × 8 matrix from [2] , and inverting that matrix, we obain in particular C (2,1) (x) as the following linear combination of the seven lowest characters:
In principle, all irreducible characters of G 2 are also obtained from the character generating function [3] of G 2 . Expanding the generating function into power series, the characters are found as coefficients of appropriate powers of the series. An interesting comparison of the new functions with the character χ λ (x) is made when they are written in the form closely resembling (6),
The symbols ρ L = (1, 0) and ρ S = (0, 1) stand for the half sums of, respectively, positive long roots and positive short roots in ω-basis. While the character χ λ (x) is probably the most important function in representation theory, no role of χ L λ (x) and χ S λ (x) has been identified so far. Unlike the coefficients m λμ in (6) , no analogous algorithm to [8] is known for coefficients m L λ,μ and m S λ,μ , but their values can be readily found for the lowest few dominant weights λ using the recursion relations for the appropriate orbit functions, see Section 5.
Example 2 In order to illustrate how different the functions χ λ (x), χ L λ (x) and χ S λ (x) really are for the same value of x, let us compare the lowest few characters (6) with the corresponding expressions for (9) .
χ L (0,1) = C (0,1) , χ S (0,1) = C (0,1) + 2C (0,0) , χ (1, 1) = C (1, 1) 
The particular cases of characters with fixed value of x ∈ F and general dominant weight λ are also useful. For example, the dimension of an irreducible representation of G 2 with the highest weight λ = (a, b) ∈ P + is given by the following:
Analogous expressions for χ L (a,b) (0, 0) and χ S (a,b) (0, 0) are yet to be found and, more importantly, their interpretation should be given.
Combining the orbits, Figure 2 , and the signs (1), one also finds
Explicit form of the orbit functions
It is convenient to specify the general functions of types S, S L and S S by their dominant point written as the sum of two terms, one general and one being the half sum of the corresponding positive roots. More precisely,
where λ, μ ∈ P + and x ∈ R 2 . Substitution of the orbit points of Figure 2 into (7), yields 
Choosing a suitable basis for x ∈ R 2 , it remains to calculate the scalar products in each cosine. Another way to explicitly describe the orbit functions is to supply the factors ±1 that multiply exponential terms in the orbit function (5) for C-, S-, S L -and S S -functions. In the case of Cfunctions, all signs are positive. Table 1 presents a concise way to provide the signs in other cases.
Orbit functions at the boundaries of F
It is known and easy to verify directly for G 2 that all C-functions are symmetric with respect to reflections in the boundaries of F , while all S-functions are antisymmetric with respect to such reflections.
Geometrically, domain F of G 2 , see (4), is half of an equilateral triangle, its right angle being at the vertex 1 2ω 1 . The sides of F , which are of different lengths, can be distinguished by the reflection mirror they are part of. Specifically, r 1 : reflection across the side 0, 1 3ω 2 , r 2 : reflection across the side 0, 1 2ω 1 , r ξ : (affine) reflection across the side 1 2ω 1 , 1 3ω 2 .
The orbit function, being continuous and with all continuous derivatives, vanish at the boundaries of F in the following cases:
orbit functions S and S L are antisymmetric at 0, 1 3ω 2 , orbit functions S and S S are antisymmetric at 0, 1 2ω 1 , orbit functions S and S L are antisymmetric at 1 2ω 1 , 1 3ω 2 .
At other boundaries of F , the orbit functions are symmetric, i.e. their normal derivative to the boundary is zero.
Continuous orthogonality of the orbit functions of G 2
Orthogonality of the irreducible characters over F is well known [19] . Also the orthogonality of C-and S-functions has been shown [11] in general. An demonstration of orthogonality for all orbit functions, including the new ones, follows a similar path. Since a C-function can be viewed as a linear combination of irreducible characters, the orthogonality of the C-function follows. A product of a pair S L S L of functions is a product of linear combinations of C-functions multiplied by the particular S L ρ L S L ρ L , which decomposes into the C-functions (see Table 3 ). Since products of C-functions are completely decomposable, the orthogonality of S L -functions follows. An analogous argument can be made for the S S -functions. It remains only to work out what the value of products is when the same functions are multiplied.
In the case of G 2 , the orthogonality of C-functions was described in [17] , and the orthogonality of S-functions is found in [18] . We recall and complete those results with the orthogonality relations of S L -and S S -functions. In fact, corresponding double integrals can be calculated directly.
A continuous scalar product for any two square integrable functions f (x) and g(x) is defined on the fundamental region F of G 2 :
For λ = (a, b), μ = (c, d), (a, b, c, d ≥ 0) , we have the G 2 continuous orthogonality relations: 
Discretization of orbit functions of G 2
Discretization of the C-functions of any compact simple Lie group was invented [10] as a practically indispensable tool for solving large problems in representation theory, see, for example [4] . We present it here because the discretization of orthogonal polynomials in [16] would not be possible without discretized orbit functions. The main steps of discretization are 
Each triple is then drawn as the point
Thus, points of F M are determined by the sum rule (13) . In particular, the triple [M, 0, 0] is the vertex of F that is the origin ofP for all choices of M. Note the relations F 3 ⊂ F 6 ⊂ F 30 and F 10 ⊂ F 30 , and also F 16 ⊂ F 30 .
The size of the grid |F M (G 2 )| is known [5] . It is the number of points in F M .
where [·] denotes the integer part of a number.
Fourier analysis on the lattice grids F M
In general, discrete orthogonality of C functions of any simple Lie group was first introduced and extensively used in [10] . Discrete orthogonality of G 2 -functions of the C and S families was described in [17, 18] . It is included here for completeness. The discrete orthogonality of the G 2 functions within the families of S L -and S S -functions is new. Recall
where the coefficients c s = (|W |/|Stab W (s)|) count the number of points on the maximal torus that are conjugate to s ∈ F . In the case of G 2 , the coefficients are given in Table 2 .
The simplicity of (19) in comparison with (18) is due to the fact that S-functions are zero on the boundary of F . Indeed, replacing C-functions in (14) by S-functions, contributions from the points at the boundary ∂F of F to the sum is eliminated because the S-functions vanish at ∂F . The demonstration of the orthogonality of S L λ -and S S λ -functions follows from the argument in [11] . One has to take into account at which part of ∂F the functions vanish, and at which part they remain (11) . 
Decomposition of products of orbit functions
The product of any pair of orbit functions has definite transformation properties with respect to the Weyl group. It decomposes into the sum of orbit functions with the same transformation properties. Ten different pairs can be formed from the functions of the four families. The product of each pair decomposes into the sum of orbit functions of one family. In Table 3 , the outcome of the decomposition is shown for the 10 pairs. Decomposition of characters into the sum of irreducible characters is a well-known problem with no bounds: the bigger the representations multiplied, the longer the sum of corresponding irreducible characters. In contrast, decomposition of orbit functions is always a finite problem.
In the case of G 2 , an orbit function is the sum of at most 12 exponential terms. Hence a product of two functions contains at most 144 exponential terms regardless how large their dominant points may be. Therefore, at least in principle, it would be possible to write down all of pairs of orbit functions. Given the fact that there are 10 types of products, it would not be very practical. Therefore, we present here decompositions of only some of the lowest orbit functions and some of the generic ones. The arguments x of each orbit function has been omitted to simplify notation.
C (1, 0) C (1, 0) = C (2, 0) 
(20) Table 3 . Structure of the decomposition of the 10 types of products of orbit functions.
The second row shows which functions appear in all the terms of the decomposition of a product into the sum.
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Examples of more general products of the orbit functions of G 2 and their decompositions:
Example 4 Curiously, there are precisely 14 points x ∈ F where all C-functions of G 2 take integer values. Those points ('rational points') were found in [12] and are shown in Table 4 . By replacing the C-functions in (20) by the corresponding integers, the equalities are maintained. In order to see that, take any of the 14 columns of Table 4 and replace the C-functions in (20) by the entries in that column from the corresponding rows. For example, we consider the decomposition of C (1, 0) 1 12 ). Values of the C-functions at these points are taken from the corresponding columns of Table 4 .
x ∈ F, C (1, 0) (1, 0) 
The first row contains the order M of an element, the second row shows its Kac coordinates, the 3rd row shows the coordinates of the point inω-basis of F . Subsequent rows contain the values of the C-functions shown in the head of each row.
Analogous equalities hold for all recurrence relations of G 2 . Unfortunately, the rational points for S, S L , and S S families, where the functions take integer values, are not known. However, they do exist because the origin x = (0, 0) is clearly one of them.
Arithmetic properties of orbit functions
Consider the three functions (9), the first of which is the Weyl character formula. In this section, we are interested in the cases where the variables x ∈ F of the functions have rational coordinates in theω-basis. They were extensively studied in [9] . The common divisor of the coordinates of such x is the order M of the elements of G 2 that belongs to the same conjugacy class of elements represented in F by x. Compare a description of such elements with the lattice points of F M . The difference is that in (21) one also requires gcd{s k } = 1, i.e., that the Kac coordinates [s 0 , s 1 , s 2 ] of x have no common divisor. Arithmetic properties of the orbit functions are meant to be here the information that can be deduced from the character values of conjugacy classes of elements of finite order in G 2 .
Most interesting are the rational elements, that is the elements of G 2 given by the points of x ∈ F at which the characters χ λ (x) take integer values for all λ ∈ P + . They are the conjugacy classes of finite symmetries of the root lattice Q of G 2 . There are precisely 14 conjugacy classes of rational elements in G 2 . Their position in F is shown in Figure 4 . They were found in [12] . Table 4 contains the rational elements and their values at the lowest C-functions.
The matrix (m λμ ) of the dominant weight multiplicities, see (6) , is triangular [2] with entries 1 on the diagonal. Such a matrix can be inverted so that the C-functions are given as a linear combination of characters with integer coefficients. When considering the rational elements at which all the characters are integer valued, all the C-functions also have integer values. Consequently, all the functions of (9) have integer values at rational points.
By definition [9] , a point x ∈ F specifies a rational element g(x) ∈ G 2 of some order M, i.e. g(x) M = 1, provided all powers g(x) k , where k does not divide M, are elements conjugate to g(x). When a power k of g(x) k divides M, it is a rational element of lower order, namely M/k. 
